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A  NEW  METHOD  OF  SHF  AMPLIFICATION  BY  FERRITES 


V.  A.  Pabrlkov 

A  new  method  of  SHF  anmllficatlon  by  ferrites 
Is  examined^  connected  with  nonlinear  gyromag- 
netlc  nutation  effects. 

1.  The  nonlinear  gyromagnetlc  effects  In  ferrites  at  SHF  may 
be  divided  according  to  the  principles  of  their  use  Into  two  groups; 
one  Is  connected  with  the  frequency  and  the  other  with  the  angular 
characteristics  of  the  precesslonal  motion  of  spin  angular  moments. 
The  first  grovq>  of  effects,  used  for  creating  various  types  of  para¬ 
metric  ferrite  SHF  amplifiers,  has  been  examined  In  detail  In  the 
literature  [1].  Effects  of  the  second  type,  called  nutation  effects, 
have  been  studied  comparatively  little. 

It  has  been  shown  that  nonlinear  nutation  effects  may  be  used 
for  amplification  of  Intermediate-frequency  signals  [2]  and  for 
Increasing  the  effectiveness  of  SHF  mixers  [^].  In  my  eeurller  work 
[3]»  I  also  mentioned  the  possibility  of  obtaining  a  new  effect  — 
amplification  of  one  of  the  SHF  signals  to  be  mixed  due  to  another, 
more  powerful  signal.  THls  effect,  which  may  be  examined  as  a  new 
method  of  SHF  aiqpllflcatlon  by  ferrites  ( Its  special  feature  Is  that 
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anqpllflcatlon  holds  only  In  the  presence  of  a  magnetic-loss  medium) » 

Is  euialyzed  In  the  present  work.  The  analysis  Is  made  on  the  basis 
of  the  solution  of  equations  of  motion  of  the  gyromagnetlc  moments  of 
a  magnetized  ferrite  material  under  the  action  of  two  transversely 
polarized  SHF  signals  of  close  frequency  and  of  a  longitudinal  fluctu¬ 
ating  reaction  field.  The  solution  of  the  problem  Is  sought  In  a 
coordinate  system  which  rotates  synchronoiusly  with  a  constant  ( In 
magnitude)  magnetic  moment  of  the  sample. 

2.  Let  us  examine  a  ferrite  sample  In  a  constamt  magnetic  field 
Ho  -  I2H0  strong  enoiigh  to  bring  the  material  Into  a  state  of  magnetic 
satviratlon.  Let  Ho  be  the  effective  value  of  the  field  within  the 
sajqplej  taking  Into  accovint  the  demagnetizing  factors  of  the  shape  of 
the  sanple.  Let  us  assume  that  together  with  the  constant  field  Ho 
there  Is  an  arbitrarily  oriented  small  field  h  acting  on  the  seuqple, 
l.e.4  H  s  Ho  +  h  and  h  «  Ho*  Then  the  magnetic  moment  of  the 
sample  M  may  be  examined  as  the  total  and  Ita  equation  of  motion 
written  In  vector  form  as  [4]: 


M  -  7  [HM]  —  R,  (1) 

w^ere  the  term  taking  losses  Into  account  R  has  the  conqponents 
Rx  *  MjcAa,  Ry  =  MyAa»  Rz  -  (Mg  —  Mo)/Ti  [5,  6].  Here  7  -  1.76-107 
oersted**^* second"^  Is  the  absolute  value  of  the  gyromagnetlc  ratio  of 
electron  spin;  Ti  euid  Ts  the  longitudinal  and  transverse  relaxation 
times,  which  describe  the  Intensity  of  dai>q>lng  In  the  material;  Mo 
the  equilibrium  val\ie  of  the  magnetic  moment  In  the  constant  field 
Ho*  The  dot  above  the  symbol  denotes  differentiation  with  respect  to 
time  ^  and  the  brackets  denote  the  vector  product. 

The  above  form  of  writing  the  equations  of  motion  of  the  magnetic 
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momentum  does  not  assume  the  liiq>oslng  of  any  limits  on  the  values  of 
Ti  and  Taj  and  the  three  scalar  equations  corresponding  to  vector 
Eq.  (1)  are  In  general  Independent.  However j  In  most  practical  appli¬ 
cations  the  absolute  value  of  the  magnetic  moment  M  may  appeu'ently 
be  considered  unchanged  under  the  action  of  a  fluctuating  fleldj 
assuming  M  s  Mq.  This  condition  Is  equivalent  to  the  existence  of  a 
definite  link  between  the  values  Tj  and  Ta  (Ta  2d  2Ti)  and  between  the 
values  n^j  lOy,  vrtiere  m  =  M  —  M©.  Of  the  three  equations  only 
two  are  found  to  be  Independent j  which  makes  convenient  the  geometric 
examination  of  the  problem  In  a  rotating  coordinate  system  \frtilch  Is 
stationary  relative  to  the  vector  of  the  magnetic  moment  M. 


M  / 


FIs*  Dlagreua  of  precesslonal  magnetic 
moment  M  and  the  magnetic  fields  acting 
on  It.  H-  *  Ho  +  hg  and  h^  +  Ihy  «  hje^"  + 
+  hae^(“  +  In  the  rotating  system  of 

coordinates  1^,  C* 


Together  with  the  cartesian  coordinates  x,  y,  z,  let  us  Intro- 

“4 

duce  an  orthogonal  system  of  axes  i,  t^j  C  with  unit  vectors  It,  1  j 

“4  “4 

1.  fixed  relative  to  the  moving  vector  of  the  magnetic  moment  M.  The 
^  -4 

C-axls  Is  In  the  direction  of  the  constant  magnetic  field  I2H0J  and 

T^-axls  Is  In  the  plane  of  the  vectors  N  and  Ho  such  that  the  angle 

between  M  and  1  exceeds  90*  (Fig.  1)  .  Let  ^  denote  the  angle  between 


PrD-Tr-62-76/1+2+4 


-5- 


§  -  and  X  -axes  ( or  t)  and  y) ,  and  6  the  angle  between  M  and  1.  ■  1_ . 
Obviously,  ^  s  «( t)  .  In  general  6  =  6(  t)  . 

So  fsu?  not  looposlng  any  additional  limits  an  the  longitudinal 
component  of  the  fluctuating  field  h,  let  us  assume  that  the  trans¬ 
verse  components  are  harmonic  and  polarized  clrcvilarly,  assuming 


h^  *  hi  cos  ojt. 


hy  =  hi  sin  cut 


or.  In  complex  notation. 


h^  +  Ihy  =  hie^^  ( 2) 

where  jL  Is  an  Imaginary  vinlt.  The  examination  of  fluctuating  fields 
of  only  circular  transverse  polarization  In  the  mathematical  analysis 
of  phenomena  occurring  under  conditions  of  ferrite  resonance  has 
little  effect  on  the  generality  of  the  results  obtained.  The  form  of 
notation  of  ( 2) ,  which  Is  convenient  for  describing  the  circular- 
polarization  fields,  should  not  be  confused  with  the  symbolic  repre¬ 
sentation  of  values  having  harmonic  dependence  upon  time. 

Limiting  by  the  circular-polarization  fields  allows  the  trans- 
verse  components  of  the  field  h  to  be  represented  by  the  vector  hi 
In  the  plane  xy,  rotating  In  a  fixed  coordinate  system  with  angular 
frequency  cu.  The  angle  9  »  ^  —  cut,  determining  the  position  of  the 
vector  hi  In  the  rotating  coordinate  system  r^,  in  the  general 

case  may  not  be  assumed  constant. 

Let  CO*  denote  the  Instantaneous  angular  velocity  of  rotation  of 
the  vector  M  In  a  fixed  coordinate  system.  Oeometrlcally,  It  Is 
easy  to  see  that  the  vectors  H,  N  and  cu*  In  the  coordinate  system 
Tt,  and  C  nay  be  represented  In  the  form 
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(5) 


//  =  ij/ii  sin  <p  +  i,Ai  cos  (p  n-  (ffo  +  A,), 
Af  =  —  Af  (i„  sia  0  —  cos  0), 

(a  =  —  i^0  -f- 


In  this 


At 


4  — ►  — ♦ 

1  t  .* 


-^  = [<o'A/J  iesine<h  — j,cosee  -7;  sin  00, 
WAi\T,,^ 

— —  =  n  (A,  cos  0  cos  (p  +  sin  0  (Ih  +  A,))  _  4, A,  cos  0  sin  «p  - 

—  i^Ai  sin  0  sin  tf. 


(^) 


Substituting  ( 4)  Into  ( 1)  «  we  obtain  a  system  of  two  nonlinear 
differential  equations  relative  to  the  Independent  variables  9  and  6 

[7] 


<p  =  (t^»  —  w)  +  tA»  +  TAiSetB  cos  9, 

0  =  yhi  sin  <p  — "  (5) 

The  coiuiectlon  between  the  new  variables  9,  8  and  the  old  V  \ 
Is  given  by  the  relationships 


A/,  +  lA/y  =  -  sin  Be*® 

M,  =  Mcose. 

5.  For  fxxrther  examination  It  will  be  convenient  to  Introduce 
a  special  syoibol  for  the  dimensionless  parameter 

Hppa  **  Hq 

X  .  (<0  —  7Ho)T2  =  - -  ,  (7) 

which  describes  the  nearness  to  the  state  of  ferromagnetic  resonance. 
Here  «  (o/y  Is  the  resonance  of  the  magnetizing  field  relative  to 

signal  of  fl’equency  co  and  AH  >  I/tTs  Is  the  half -width  of  the  line  of 
ferromagnetic  resonance. 

Equation  (^)  can  be  easily  solved  when  hs  *  0  and,  therefore. 
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9-0=0.  The  solution  taking  the  new  symbols  Into  account  has  the 
form 

tan  9o  = 

X 

tan  e  - _ JL _ iU.  ( 8) 

1  +  xg  ’  AH 

At  hg  /  0,  the  accurate  solution  of  (5)  Is  rather  complicated. 
However j  an  aiqproxlmate  solution  of  these  equations  may  be  found, 
examining  h^  as  the  low  pertxzrbatlon  of  the  system  vdiose  unperturbed 
state  Is  described  by  the  equations  of  (8)*.  Expanding  the  right- 
hand  members  of  ( 5)  Into  a  Taylor  series  at  the  point  9o  and  6  and 
dropping  all  terms  of  the  second  and  higher  order  of  smallness,  we 
obtain  two  linear  differential  equations  relative  to  the  values 
9i  *  9  —  9o  and  »  6  —  60* 

*  ®  A 

Ttoi  +  01  = 

Strictly  speaking,  1  +  x®  +  should  have  been  written  \inder 

the  radicals  In  (9)«  hut  we  Ignored  the  value  (hi/Al^*,  assxanlng 


(10) 

The  solution  of  ( 9)  at  given  h^  Is  sufficiently  simple  and 
allows  the  reaction  of  the  harmonic  medium  to  the  action  of  a  weak 
mbdulatlng  signal  to  be  determined,  described  In  the  direction  of  the 
z-axls  In  the  case  of  a  slnvisoldal  field  by  the  conqplex  magnetic 
susceptibility  of  the  medium  at  the  frequency  of  this  field  [7]. 

*  ^ertiarbatlon  may  be  assumed  small  If  h-  «  AH.  See  appendix 
for  case  when  h2  Is  always  snail  In  comparison  id.th  AH. 


If  two  transverse  magnetic  fields  with  clrciilar  polarization  act 


simultaneously  on  the  ferrite  material «  l.e.« 


A*  +  -f  (11) 

then  the  expression  for  the  field  H  In  a  rotating  coordinate  system 
takes  a  more  general  form: 

H  =  ii  {Ai  sin  <p  —  A»  sin  (Q:  —  (p)}  +  i,  {Aicos  (p  -J-  A2  cos  —  (p)}  -f 

+  i;  (ffo  +  A,).  (  12) 

For  slnqpllclty,  the  Initial  phase  shift  In  formulas  ( 11)  and  ( 12) 
was  made  equal  to  zero^  idilch  Is  unessential.  Examining  only  those 
cases  when  ha  «  hi ,  formula  ( 8)  can  be  left  unchanged,  and  Eq.  ( 9) 
should  be  replaced  by  more  general  equations 

fxpi  +  «pi  =  ^  -  xyi+x»  ^  01  +  /rTx*  cos  (u:  _ cp#), 

TtQi  +  01=*  “^8in  {Qt  -  (po).  ( 

Having  determined  the  parameters  9  and  61  from  ( \J>) ,  we  can  find 
the  expressions  for  the  fluctuating  components  of  the  magnetic 
moment  m^,  m^  by  formulas 


mx  +  imy  —  Msla  0e‘’»  csi  —  M  (sin  e»  +  v) 

=  M  (cos  0  -  cos  0,)  2-  -  ;J/  sin  0o0„  (  14) 


Where 


sin  00= 


1 

vr+** 


_*!_  . 
A//  ’ 


V  =  ©1  +  i  sin  0o(pi. 


(15) 


Thus,  m  shall  be  Interested  In  the  variables  v  and  6i.  Let  us 


rewrite  ( 1^)  relative  to  these  values  In  the  form 


fiv  +  (1  +  ix)  V  =  j 


+  {(X  +  i  -  Qf,)  +  (X  -  /  -  Qr*) 


faei  +  2fiei  +  (1  +  **)  01= 


(16) 


which  Is  the  most  convenient  for  analysis.  The  right-hand  member  of 
the  latter  expression  contains  the  sum  of  two  conplex-congugate 
values . 


4.  So  far  we  have  Inposed  no  limitations  on  the  value  of  h^, 
entering  ( 16) ,  except  the  requirement  of  Its  smallness  ( h^  «  Ho)  , 
where  h2  Is  an  arbitrary  fluctuating  component  of  the  magnetic 
field  =  Ho  +  h2  with  respect  to  spectral  composition,  determining 
the  resonance  characteristic  of  the  material  relative  to  trans¬ 
versely  polarized  fields  of  the  SHF  at  frequencies  close  to  the 
natural  frequency  of  the  material  7H2.  Modulation  of  the  magnetizing 
field  H2  nay  be  accomplished  by  the  action  of  an  external  signal  on 
the  ferrite  sample,  the  magnetic  field  of  which  Is  polarized  In  the 
direction  of  the  z-axls,  but  may  also  be  dependent  ipon  the  reaction 
of  the  sample  or  of  the  Interaction  of  the  resonance  circuit  with 
the  sample  to  change  In  the  Intensity  of  magnetization  of  the 
material  In  the  direction  of  this  axis. 

In  the  present  work  we  shall  treat  the  latter  case,  which  has 
already  been  examined  [8]  from  the  point  of  view  of  the  possibility 
and  conditions  of  forming  natural  oscillations  of  Intensity  of 
magnetization  In  the  ferrite  sample  under  the  action  of  a  suffi¬ 
ciently  powerful,  transversely  polarized  SHF  signal.  When  two 
transversely  polarized  SHF  signals,  one  of  which  considerably 
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exceeds  the  other  In  magnitude,  act  on  a  ferrite  sample  simultan¬ 
eously,  the  presence  of  a  reaction  field  may  lead  to  the  formation, 
together  with  the  combination  effect,  of  another  nonlinear  effect  — 
the  amplification  of  a  weak  SHF  signal  at  the  expense  of  a  strong 
one.  Further  examination  reduces  to  the  analysis  of  Eqs.  ( l4)  and 
( 16)  for  the  two  most  characteristic  cases  of  links  between  the 
values  h^  entering  Eq.  ( 16) . 

Case  1.  The  field  hg  Is  the  reaction  field  of  the  resonance 
circuit  which  Interacts  with  the  ferrite  sample  (Fig,  2)  .  If  the 
clrcvilt  Is  tuned  to  the  frequency  0,  which  coincides  with  the 
difference  between  the  two  SHF  freqiiencles  acting  on  the  sample, 
then^  Ignoring  the  high  harmonic  oscillations  of  the  reaction 
field  of  the  circuit  can  be  represented  In  the  form  [8] 


(17) 


where  Q  Is  the  Q-factor  of  the  circuit  at  the  frequency  l/lTa;  and 
T)  Is  the  co\q>llng  factor  of  the  circuit  with  the  sample,  close  to 
the  duty  factor.  Svibstltutlng  (17)  Into  ( 16)  end  Introducing  the 
additional  symbols 


y  = 


®  —  (A//)» 


(18) 


for  the  frequently  encountered  complex  values,  we  obtain  the 
equations 


Ttv'  +  (1  +  ji)  V  =  itjQ  ©‘  ‘  irr 

nQx  +(2  -  Tj<?a  QxTt  +  (1  -!-  x»)  0.  - 

=  yiTTW-®  —  y  +  0  +  (i  -  y  -  /) 


(19) 


The  solution  of  these  equations  ( under  steady  conditions)  has 
the  form 


A 

^  wr 


r  —  1/  -I-  I 


(.2/, 


+ 


X  —  ?/  —  t 


1 


1  -tiQ. 


2  l  +  ifi 


V  = 


+ 


A// 1 
Q  a  y 


/ _ 1  —  i  (j  —  y) _ \ 

1  +  ^  ,1.  2iy  (1  -  j^)  ) 


»  +  !/—» 
i—i(x  +  v) 


2(1 4  ^  _  2iy  ^ 


,g— i(n«— v.) 


(20) 


The  latter  expression  allows  the  conplex  magnetic  susceptibility 
of  the  sample  xe  relative  to  a  field  of  frequency  cu  +  n  to  be  deter¬ 
mined  Immediately,  in  fact,  substituting  ( 20)  Into  ( 14) ,  It  Is 
easy  to  determine  that  xe  coincides  with  the  coefficient  In  the 
exponent  exp  l(nt  —  9o)  In  this  expression  multiplied  by  —  Vl/hg, 

1  «e . , 


If 


Xi-  — 


M 

TH 


t  -  nQ  -f _ SL. 

2  r+ii 


f _ _  (-»(»  — y)  _ \ 


*  +  y  — i 


(21) 


=  x.;  -  ix;. 


(22) 


then 


x»*- 


M 


A// 


(•+(*+ y;*)j 


(25) 


When  there  are  definite  relationships  between  the  values  x,  y, 
and  a  sufficiently  high  value  ^  the  Imaginary  member  of  the  ooBq>lex 
susceptibility  xa  nay  become  negative,  which  corresponds  to  ainpllfl- 
oatlon  of  the  weak  signal  at  a  frequency  of  m  +  ft.  in  fact,  let 
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X  ■  1,  y  *  —  2  and  ijaQ  »  6.  Then  Xe  «  — •  1.75  The  graph  of 

AH 

the  dependence  of  the  value  xe  i9>on  at  aQ  >  6  Is  shoim  In  Fig.  3, 


Fig.  2.  Two  characteristic  cases  of  connection 
between  transversely  polarized  fluctuating  field 
Yi^  and  the  corresponding  component  of  Intensity 

of  magnetization  of  the  sample  a)  the  field 
h2  is  the  reaction  field  of  the  resonance  circuit 
Interacting  with  the  ferrite  sample;  b)  the  field 
h2  Is  a  demagnetizing  field  of  the  shape  of  the 
sample. 


This  graph  can  serve  as  the  characteristic  frequency  band  of  the 
effect  under  the  condition  that  the  resonance  circuit  Is  retuned  to 
agree  with  the  change  In  frequency  A. 


Fig.  5.  The  dependence  of  the 
Imaglmu'y  member  of  the  conplex 
magnetic  susceptibility  of  the 
sample  xit  relative  to  a  weak 
signal  of  frequency  co  n  iipon 
the  magnltvide  of  y  «  (ITa  for 
the  case  when  the  field  Is 
created  by  a  resonance  circuit 
tuned  to  the  frequency  n  (a>  » 

*  7Ho*  “  6) . 


Case  2.  The  field  h^  Is  a  determining  field  of  the  shape  of 


the  saiqple.  If  the  saiqple  Is  a  thin  plate  magnetized  In  the  short 


direction^  then 


11 


(24) 


hj5  »  — 

The  substituting  of  ( 24)  Into  ( 16)  gives 


7  tv  -h  (1  4-  j*)  V  =.  i  01  +  t  ^ 
fJei  +  2r.e,  +  (i  +  at*  _  a  e,  = 
=  {{*  -  y  +  0  +  (*  -  y  - 


hence j  we  find 


i  •  e  •  j 


y  —  x  —  i 


2(1+*=)  l  +  *  +2.-y’ 


*  +.V  — » 


^  1  +  x«_y«_fl_^_4ay4.  (j^  _*•)(! 

-  ^  r-|-(»  +  y)»  • 

,  .  I  *(»■— +  +  I 


A// 


«  +  (»  +  y)* 


At  X  -  0  the  latter  expressions  take  a  more  simple  formt 

y  +  lLni  — 

./  ^  ^  4-  1  2 

**  A//  1  +  y*  ’ 

1  -}-  — ?( —  a 
•  _  M  1  -}-  w» 

)(*’“a7/'  l+y«  • 

M 

At  a  «  6,  X  ■  0  and  y  »  —  0,5  we  have  xe  =  —  1.12 

The  frequency  dependence  of  xj  cuid  xs  a  «  6  is  shown  in 
Fig.  4.  For  coinparisony  the  frequency  dependences  are  given  for 
a  B  0.  A  somewhat  larger  range  can  be  obtained  when  x  «  0.5* 
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Pig.  4.  She  dependence  of  the  conplex 
magnetic  axisceptlblllty  of  the  sample 
Xa  *  Xfi  — '  IXa  relative  to  a  weak 
signal  of  frequency  eu  +  0  upon  the 
magnitude  of  y  «  (XFs  when  the  field 
h2  la  created  due  to  the  demagnetizing 
action  of  the  shape  of  the  sample t 
1)  ,  2)  Ho  -  Hres>  a  -  Oj  3)  Ho  -  I^es— 
—  AHj  a  «  6. 


3*  Let  us  approximately  determine  Px  —  the  power  to  the  SHF 
necessary  to  attain  a  »  6,  and  the  amplification  factor  of  the  weak 
signal  obtained  In  this.  J^t  us  assume  that  a  sample  of  yttrium 
ferrite  Is  xised  having  dimensions  3  x  3  x  0.3  non,  a  magnet Izatim 
saturation  M  «  1730  gauss  and  half-width  of  the  resonance  line 
AH  >  1  oersted.  ISien 


Pi  -  rxhf  -  a  n  -  3.43  •  10"®ri  ( 29) 

If  the  sample  Is  placed  In  a  waveguide  at  a  distance  of  four  wave¬ 
lengths  from  the  shcurt-clrculted  end,  than  at  a  wavelength  of  3  cm 
the  coipllng  factor  rx  between  Px  and  hf  may  be  made  to  .equal 
25  w/oersted*  [2] .  In  this  Px  -  86  mw. 

The  anpllflcatlon  of  the  weak  signal  mcgr  be  determined  by  the 

coefficient  P. 

+  (30) 
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where  Pp  —  no^(o)  +  £2)718  the  power  generated  by  the  sanple  at  a 
fk>eqviency  of  (u  +  (2  under  the  action  of  a  more  powerful  signal 
Substituting  the  values  oi  +  £2  -  2t  •  10*®,  h|  ■  Pa/ra,  V  »  2,7  • 

M>o  *  10“^  lienry/m.  Into  tlie  foonimla,  we  obtain 

K  -  1  —  0.54  .  (51) 

**a 

If  ra  -  ri  «  25  w/oersted*  and  xa  *  “*  l^AH  »  —  1750,  tlien 
K  -  25. 

Thus  the  actual  creation  by  the  method  under  examination  of  a 
ferrite  SHF  power  amplifier  operating  at  powers  less  tlian  100  mw  Is 
represented,  idiere  the  aiq;>llflcatlon  factor  Is  above  10  In  tlie  fre- 
(juency  band  for  vAilch  the  difference  frequency  of  the  signal  and 
local  oscillator  Is  within  a  few  Me. 

T2ie  author  thanks  A.  A.  Pistol 'kors  for  examining  ttie  paper  and 
making  a  number  of  remarks  about  the  work. 

APPENDIX 

The  problem  of  the  Interaction  of  electr(»tagnetlc  signals  with 
a  modulated  gpromagnetlc  medium  for  2il|d*  amplitudes  of  the  modulating 
field. 

Tlie  Initial  equations  are  Landau  and  Llfshlts  equations  In  the 

form 

*  The  factor  K  describes  tl»e  effectiveness  of  the  operation  of 
the  ferrite  element  In  tlw  power  amplification  of  a  weak  SHF  8l(^l, 
determining  the  signal  amplification  obtainable  at  an  optimum 
matclilng  of  load  with  the  amplifier  componentB.  It  should  2>e  dis¬ 
tinguished  from  the  current  ( or  voltage)  amplification  factor  at 
unlcnown  Impedance  load. 


(I) 

(II) 
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The  STUbols  are  the  sane  as  in  the  text  of  the  article.  Introducing 
a  new  variable  N  >■  n,^  +  lay  and  substituting  N  ■  Se  '  , 

Bq*  (I)  takes  the  form 


/V. 


.-iT«  + 


dt. 


(Ill) 


ay  Is  small  In  comparison  with  M  and  taking  It  Into  account  In 
Eq.  (Ill)  Is  unessential.  Substituting  ^  K  Into  (III)  and 


**  +  (*i  +  =  ht  cos  Q( 


(IV) 


and  using  known  fomulas  of  expansion  Into  a  series  [9] 


,±Uoo«QI„  2  (±1)*4 
k^—co 


(V) 


we  obtain 


ipQt 


eo 

S  (-»* 

lr»— 00 


i  +  iX,  •  • 


(VI) 


Here  >  x  +  kyj  z)  a  Bessel  function  of  the  first  type  of  the 

ho  1 

k-th  order  from  the  argument  z  ■  ~.  The  Initial  phase  angle 

La  » 

6  In  foramlas  (rv)  and  (VI)  Is  detenolned  with  respect  to  the  field 
hz- 

Expression  (VI) by  a  slaple  regro\q>lng  of  terms,  takes  the  fom 


where 


(VII) 


09 


d' 


J 


k—l 


1  i-i.V. 


(VIII) 
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These  relationships  allow  the  susceptibility  of  the  nedlum  xi 
Xa  relative  to  signals  of  frequency  o  +  0  to  be  calculated  by  the 


fomulas 


Xi“ 


X*- 


■  iH  hi - ■ 


A// 


_ ••  •^I  ,—it  _  f  M 

■  ‘Atf  A,  *  A^  2- 


k^- 


1  +  «Xj 

J*  _  J  / 

*-i 

rn^;; 


Rewriting  Eq.  (II)  In  the  form 


Big  +  ■^  =  Tlin{Ar(A,-fA^)) 

and  using  formulas  ( VIII)  and  ( VII) ,  we  obtain 


(IX) 

(X) 


M 


Ro2 


a, 


(Aa)«  n  . 

/-«  pp  +  «/y 


i _ 


(XI) 


where 

a»  =  Afhi  + 

aj  =  (.4,  -f-  i4_j)  At  +  ^4j_j  ***)  At,  /  =  1 ,  2,  . . .  .  ^  XII) 

The  component  of  m2  at  the  frequency  Cl,  In  accordance  with  formulas 
(XI)  and  (XII)j  Is  described  by  the  ejqpresslon 


K.)«=-A%Re  2  + 


-  V.« + +  ' 


(XIII) 


2  4-  •?/ 


The  coefficient  ^  “  l3-  +  iy  ^  ( XIII)  at  Ta  ■  2Ti  ( the  condition  of 


Ti 


preservation  of  the  value  reverts  to  unity. 

In  practice  j  formulas  (IX),  (X),  and  (XIII)  are  valid  for  any 
ho«  hi  and  ha  (the  only  limit  Is  the  condition  m^  «  .* 


*  bhe  examination  reduces  coanfortably  to  a  uniform  precession. 
The  possibility  of  generating  higher  types  of  oscillations  Is  not 
taken  In  the  calculation. 
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In  particular^  they  explain  the  widening  of  the  ferromagnetic  reso¬ 
nance  line  under  the  action  of  the  field  [10].  However,  these 
formulas  are  somewhat  cumbersome  for  practical  application. 

If  ho/^H  «  y,  formulas  (DC),  (X),  and  (XIII)  ar-  simplified, 
using  In  the  first  approximation  with  respect  to  the  value 
the  form 


V,  =  _  i  JL  _!_/,+  iiL  I 

A//  1  +  IX  r  ^  hi  2A//  I  +  i  (X  i- !/)  I 

y, =_  i  JL  __i_ ^  A  *!!:!!.  _i_’. 

"  r  '  A,  2M1  1  + '»■)  ’ 

_  _  At  _  [  h,hte'^  _ 

(At/)*  ®  1(1  —  ix)  (1  +  I  (x  4-  2/)J  ’’’ 

^  hj+tht  X, _ 1 _ i 

*r.  1 + xj  i‘ + *•  (X* + y))  11  - .  (X,.  -y)i; 


When  h^  Is  the  reaction  field  of  the  circuit  or  the  sample  and  Is 
connected  with  m^  by  a  linear  relationship,  expresslpn  (XVI)  can  be 
vused  to  determine  the  magnitude  of  hoe**^.  Substituting  the  thus- 
found  expression  for  hoe*"^  Into  formula  (XV)  one  can  obtain,  at 
corresponding  values  of  the  covpllng  factor  between  h2  and  the 
expression  for  xs  coinciding  at  h«  «  hi  with  those  derived  In  the 
text  ( formulas  ( 21)  and  ( 27) )  • 
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